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Abstract
The discrete electronic states of finite double-walled armchair carbon nanotubes are obtained in
a magnetic field by using the Peierls tight-binding model. State energy, wavefunction, energy
gap, and density of states are investigated in detail. Electronic properties strongly depend on the
intertube atomic interactions, magnitude and direction of the magnetic field, boundary structure,
length, and Zeeman splitting. The intertube atomic interactions result in an asymmetric energy
spectrum about the Fermi level, a drastic change in energy gap, and obvious energy shifts. The
magnetic field could lead to state crossing, alter the hybridization of the inner and outer
tight-binding functions, destroy state degeneracy, increase more low-energy states, and induce
complete energy-gap modulations (CEGMs). The different atomic positions along the tube axis
make the C5 system differ from the D5h or S5 systems. According to the lengths Nl = 3i , 3i + 1,
and 3i + 2 (i an integer), there exist three types of magnetic-flux-dependent state energies. The
Zeeman effect causes CEGMs to happen at weaker magnetic fields. The main features of
quantized electronic states are directly reflected in the density of states. The predicted
magneto-electronic properties could be examined by the transport and optical measurements.

1. Introduction

After carbon nanotubes (CNs) were discovered in 1991 by
Iijima [1] they attracted a lot of attention owing to their unique
electronic properties. A single-walled CN (SWCN) is a quasi-
one-dimensional (Q1D) system, and it can be regarded as a
rolled-up 2D graphite sheet in cylindrical form. Furthermore,
a zero-dimensional (0D) finite CN is fabricated by cutting a
long CN into segments [2]. The main difference between
a Q1D nanowire and a 0D quantum dot lies in the many
quantized discrete states of the latter. The electronic states
are discretized due to the finite length. The quantum-size
effect has been verified by experimental measurements of
transport properties [3–8]. For theoretical studies on 0D
CNs, first-principles calculations and the tight-binding model
are used to investigate electronic structures [9–15], magnetic
properties [12–15], and optical excitations [13].

A double-walled CN (DWCN) is the simplest form of
multi-walled CN. Its physical characteristics are different from

those of a SWCN, due to the intertube atomic interactions.
These interactions significantly affect the low-energy bands,
which are calculated by the tight-binding model [16–19] and
the first-principles method [20]. They induce observable
changes in the band-edge state, curvature of the energy band,
hybridization of wavefunctions, energy spacing between two
subbands, and symmetry of the energy spectrum about the
Fermi level [16, 17, 20]. The symmetric configurations of
the outer and inner tubes also play an important role in the
electronic properties. The effects due to different symmetries
are directly reflected in the optical absorption spectra [17, 18]
and the Coulomb excitations [19].

A magnetic field could modulate the electronic properties
of CNs, which are either metallic or semiconducting. For
SWCNs or DWCNs, the magnetic field will alter the
energy gap, break state degeneracy, and change energy
dispersions [17, 21–25]. Moreover, finite SWCNs exhibit
special magnetic properties, and their optical spectra are
deeply influenced by the magnetic field [12–14]. Besides,
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Figure 1. The extended geometric structures of coaxial (5, 5)–(10, 10) finite armchair carbon nanotubes are shown in (a) C5, (b) D5h, and
(c) S5. The inner tube (heavy curves) is projected onto the outer one. Nl is the number of dimer lines along the axial direction.

the essential magnetic property, or the Aharonov–Bohm (AB)
effect associated with the magnetic field parallel to the tube
axis, has been observed through the transport [26–28] and
optical [29, 30] experiments. In this work, electronic structures
of finite armchair DWCNs in a uniform magnetic field are
studied by the Peierls tight-binding model. Their dependence
on the strength and direction of the magnetic field, the tube
length, the symmetric configurations, and the Zeeman effect
is investigated. The predicted electronic properties could be
tested by experimental measurements.

2. Theory

The coaxial (5, 5)–(10, 10) finite armchair DWCN was chosen
as a model study. Its radius and chirality are uniquely
characterized by m and n in a (m, n) SWCN (the detailed

geometric structures are given in in [12]). The C5, D5h,
and S5 symmetric systems are presented in figures 1(a), (b),
and (c), respectively. The tube length L = (Nl − 1)

√
3b/2

is proportional to the number of dimer lines Nl . b = 1.42 Å
is the C–C bond length. The inner and outer tubes have the
same length, and the total number of atoms in the finite (5, 5)–
(10, 10) DWCN is Nt = 30Nl . For the C5 system, all the
carbon atoms on the inner tube (the heavy line) are projected
onto half of those on the outer tube (the light line). The two
tubes have the same z coordinates along the symmetry axis.
The C5 system becomes a D5h system when the inner tube is
axially displaced by

√
3b/4. The z coordinates are different for

the inner and outer tubes of the D5h system. An axial clockwise
rotation of the inner tube, with an angle of 6◦, will further make
the D5h system change into a S5 system. Both D5h and S5

systems own the same z coordinates (have a similar boundary
structure).
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The electronic structures of finite armchair DWCNs are
obtained by using the tight-binding model with one 2pz orbital
per carbon atom. The Hamiltonian built from the Nt atomic
wavefunctions is displayed as

Hkl =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

h(θkl)c
†
l ck,

for intratube interactions;
−Wh(θkl )e

(a−dkl )/δc†
l ck,

for intertube interactions.

(1)

ck and c†
l are the annihilation and creation operators on sites k

and l. The 2pz orbitals perpendicular to the cylindrical surface
may not be parallel to each other. Such misorientation would
reduce the π bonding (Vppπ = −2.66 eV = γ0) and induce
extra σ bonding (Vppσ = 6.38 eV). It is noted that the 2pz
orbitals on a planar graphene sheet only create π bonding.
The intratube or the intertube atomic interactions include Vppπ

and Vppσ , and the effective atomic interactions (or the hopping
integrals h(θkl )) depend on the angle θkl between two radial
vectors of the kth and lth atoms. As to the intratube part, only
the nearest-neighbor atomic interactions are taken into account
in the tight-binding model. On the other hand, an exponential
function e(a−dkl )/δ is added to the intertube part. dkl is the
distance between two 2pz orbitals; a is that between the inner
and outer tubes, and δ equals 0.45 Å. The intertube atomic
interactions are cut off for dkl is greater than 3.9 Å, and their
strength is modified by W to fit the ab initio calculations and
experimental data [31].

Finite armchair DWCNs exist in a uniform magnetic field

B = B cos αẑ + B sin αr̂ , (2)

where α is the angle between the field direction and the tube
axis. The cylindrical coordinates (r,�, z) are taken in the
following calculations. The vector potential associated with
B is given by

A = r B cos α/2�̂ + r B sin α sin �ẑ, (3)

which leads to a Peierls phase difference 	Gkl = ∫ k
l A ·

dr between sites k and l. By detailed calculations, the
Hamiltonian in the presence of B is

H =
∑

kl

Hkl × ei e
h̄ 	Gkl , (4)

where

	Gk,l = rkrl

2
sin(�k − �l)B cos α

+ (zk − zl)

2
(rk sin �k + rl sin �l)B sin α. (5)

rk is the inner or outer radius, depending on the atomic
position. The magnetic flux, which is defined as φ = πro

2 B ,
will be used to characterize the field strength B . φ0 = hc/e
is the magnetic flux quantum, and ro is the radius of the outer
(10, 10) CN. By diagonalizing the Nt×Nt Hamiltonian matrix
in equation (4), the discrete state energies Eh

J can be obtained.
(h = c, J ) and (h = v, J ), respectively, represent the J th
unoccupied and occupied states measured from the Fermi level
EF = 0.

3. Results

State energies of finite armchair DWCNs affected by the
magnetic field and the intertube atomic interactions are studied.
The quantized discrete states of the Nl = 18 system, without
the intertube atomic interactions, are symmetric about the
Fermi level, as shown in figure 2(a). The occupied and
unoccupied states (Ec,v

J=1 = ±0.02γ0) nearest to EF = 0 come
from the inner (5, 5) tube, while the next two states (Ec,v

J=2 =
±0.075γ0) arise from the outer (10, 10) one. The energy gap
is Eg = Ec

J=1 − Ev
J=1 = 0.04γ0. The J = 2 and 1 states

can also be distinguished during the variation of the magnetic
field. The former, in the presence of a parallel magnetic field
(α = 0◦; solid circles), exhibit periodic oscillations with a
period φ0. However, the latter have a larger period because of
the smaller radius. When the magnetic field is perpendicular to
the tube axis (open circles), the low-energy states will increase
with increasing field strength.

The C5 system, as shown in figure 2(b), is in sharp contrast
to the independent one. The intertube atomic interactions lead
to an asymmetric energy spectrum about EF = 0, enhancement
of the energy gap (Eg = 0.064γ0), and obvious energy shifts.
The original J = 1 and 2 unoccupied states, respectively,
change from Ec

J=1 = 0.02γ0 and Ec
J=2 = 0.075γ0 into

Ev
J=1 = −0.032γ0 and Ec

J=2 = 0.164γ0. It should be noticed
that the interchange of the J = 1 unoccupied and occupied
states (c ↔ v) is mainly due to the strong hybridization of
the inner and outer tight-binding functions. The contribution
from the inner tube is almost equal to that from the outer tube.
There exists a weaker hybridization for the original J = 1
and J = 2 occupied states, in which the state energies alter
comparatively mildly (Ev

J=1 = −0.02γ0 → Ec
J=1 = 0.032γ0;

Ev
J=2 = −0.075γ0 → Ev

J=2 = −0.07γ0). In this case, the
contribution of the tight-binding functions almost results from
the original tube. The hybridization between low-energy states
of the inner and outer tubes occurs only if these states have
similar bonding structures in the tight-binding functions [9]. It
hardly affects the symmetric distribution of the tight-binding
functions.

When a parallel magnetic field is applied, state energies
depend on its strength at φ > 0.1φ0. The energy gap gradually
grows and then declines in the increase of φ. Eg at φ < 0.7φ0

is determined by the occupied and unoccupied states of J = 1,
while it is associated with the J = 6 unoccupied state and
the J = 7 occupied state for φ > 0.7φ0. On the other hand,
the effects of the perpendicular magnetic field on electronic
properties are negligible at φ < 0.3φ0. There are more low-
energy states approaching the Fermi level as φ is larger than
0.3φ0. The energy gap remains almost the same at φ < 0.7φ0,
and it reduces slightly at others. That the J = 2 occupied
state is closest to EF = 0 at large flux is responsible for the
weak reduction in Eg. Finally, the hybridization of the inner
and outer tight-binding functions is drastically altered by the
parallel and perpendicular magnetic fields. For example, at
sufficiently large φ, the J = 1 occupied state is dominated
by the (5, 5) tube, not by the (5, 5) and (10, 10) tubes (the
above-mentioned results at φ = 0).

Electronic properties are associated with the geometric
configurations. The D5h system differs somewhat from the C5

3
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Figure 2. The flux-dependent state energies in a parallel or perpendicular magnetic field. They are shown for the (a) independent, (b) C5,
(c) D5h, (d) S5, (e) (C5, ξ = 6◦), and (f) (D5h, ξ = 6◦) systems with Nl = 18.

system in electronic states and field dependence (figures 2(b)
and (c)). Concerning the state energies of J = 1, the change
due to the intertube atomic interactions in the D5h system
(Ec,v

J=1 = ±0.02γ0 → Ec,v
J=1 = ±0.002γ0) gets weaker

than that in the C5 system and thus forms a smaller energy
gap. The atomic hybridization in the former is reduced, since
the 2pz orbitals on the inner and outer tubes do not align
with each other along the z-axis. The dissimilar boundary
structures on the two extremities also make the tight-binding
functions unsymmetrically distributed in the middle of the
finite D5h system. The J = 1 state energies strongly depend
on the strength of the parallel magnetic field even at φ → 0.
Although the perpendicular magnetic field has a weaker effect
on them, it could make the occupied and unoccupied states of
J = 1 interchange. Such state crossing is absent in the C5

system. The S5 system shows almost the same electronic state
characteristics as the D5h system does (figures 2(c) and (d)).
The main reason for this is that these two systems have a
similar boundary structure and intertube atomic interactions.
Electronic properties are dominated by the boundary structures
on the two extremities of a finite DWCN.

The dependence on the rotation angle and the length
deserves a closer investigation. The two different terminations,
which are obtained by rotating the inner tubes of the C5 and
D5h systems counterclockwise about the z-axis by an angle
ξ = 6◦, are presented in figures 2(e) and (f), respectively.
They do not induce drastic changes in the B-field dependence
of state energies (figures 2(b) and (e); figures 2(c) and (f)).
Moreover, electronic states of the (D5h, ξ = 6◦) are almost
the same as those of the D5h and S5 systems (figures 2(f),
(c), and (d)). These results further indicate that electronic
properties are dominated by the boundary structures along the
tube axis, not by the different terminations.

A lot of finite DWCNs, with different lengths, are
calculated for their B-dependent state energies. To see the
length dependence, the C5, D5h, and S5 systems of Nl = 18
(Nl = 19) (Nl = 20) are, respectively, shown in figures 2(b)–
(d), figures 3(a), (c), (e), and figures 3(b), (d), (f). According
to the lengths (I) Nl = 3i , (II) 3i + 1, and (III) 3i + 2 (i
an integer), there are three types of magnetic-field-dependent
state energies. The important differences among them lie in
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Figure 3. Same plots as figure 2, but shown for the (a) (C5, Nl = 19), (b) (C5, Nl = 20), (c) (D5h, Nl = 19), (d) (D5h, Nl = 20), (e) (S5,
Nl = 19), and (f) (S5, Nl = 20) systems.

the energy spacing Es0 between the J = 1 occupied and
unoccupied states at α = 90◦ and Ec

s J (Ev
s J ) between the J

and J + 1 unoccupied (occupied) states. The symmetric C5

configuration is discussed first. Es0 of the type-I system grows
slowly with increasing of φ (figure 2(b)), while those of the
type-II and type-III systems gradually decrease (figures 3(a)
and (b)). Moreover, the values of Ec

s J (Ev
s J ) greatly contrast

with one another. On the other hand, for symmetric D5h (S5)
configuration the φ-dependence of Es0 can be employed to
characterize the three types. When the magnetic flux increases,
Es0 of the type-I system gradually declines from a finite value
to zero and then grows (figures 2(c) and (d)), that of the type-
II system decreases rapidly (figures 3(c) and (e)), and that
of the type-III system remains almost the same (figures 3(d)
and (f)). In addition, the three types will merge into one type
as Nl becomes sufficiently large (Nl > 50; not shown). The
quantum-size effect, the quantization of the electronic states
due to the finite length, is expected to vanish when Nl is larger
than 105 (average energy spacing ∼ 2×10−6γ0 = 0.005 meV).

The main features of the electronic states are directly
reflected in the density of states (DOS). The Zeeman splitting
is included in the calculations of the DOS. The Zeeman energy
is Ez = gσφ/m∗r 2φ0, where the g factor is assumed to be the
same as that (∼2) of graphite, σ = ±1/2 is the electron spin,
and m∗ is the bare electron mass. The Zeeman effect would
lead to a rigid shift for the spin-up and spin-down states, and it
could be observed in the DOS. The DOS of a finite DWCN is
given by

D(ω, φ) =
∑

σ,J,h=c,v

1

π




[ω − Eh
J (φ, σ )]2 − 
2

, (6)

where 
 (=10−4γ0) is the broadening energy width and
Eh

J (φ, σ ) = Eh
J (φ) + Ez is the state energy. There are

a lot of delta-functional-like prominent peaks in the DOS,
mainly owing to the quantized discrete states (figures 4(a)–
(d) for −0.4γ0 � ω � 0.4γ0). The peak height
represents the state degeneracy. The independent system
in the absence of B, as shown in the inset of figure 4(a),

5
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Figure 4. Density of states for the (a) C5 and (b) D5h systems of Nl = 18 at φ = 0, (φ = 0.3φ0, α = 0◦), and (φ = 0.3φ0, α = 90◦). Similar
plots for the C5 systems with (c) Nl = 19 and (d) Nl = 20. The Zeeman effect is taken into account. The inset in (a) presents that of the
independent system at φ = 0.

exhibits the doubly and four-fold degenerate peaks. The
intertube atomic interactions in the C5 system drastically
change the frequencies and the number of pronounced peaks,
and the symmetry of peak structures about ω = 0 (the solid-
circled lines in figure 4(a)). They do not affect the peak
height or the state degeneracy. The parallel or perpendicular
magnetic field lifts the four-fold degeneracy at higher energies
resulting in the double degeneracy. The Zeeman effect
induces further splitting of the doubly degenerate peaks,
so that the DOS only displays the single degenerate peaks
(the solid and dashed lines in figure 4(a)). The important
difference between α = 0◦ and 90◦ in the DOS is
the peak frequencies. The effects, due to the intertube
atomic interactions and B, could also be found in other
systems with different boundary structures (figure 4(b)) and
lengths (figures 4(c) and (d)). The different geometric

structures significantly alter the peak frequency and peak
number.

Figure 5(a) presents energy gaps of the Nl = 18 C5 system
as a function of the magnetic field with different α. The
dependence of Eg on φ is strong. For the parallel magnetic
field, Eg without the spin-B interaction grows gradually with
φ when φ < 0.1φ0, then rises rapidly, and reaches a peak
value (the solid line with circles). Finally, it starts to decline
at φ ∼ 0.7φ0. For the case of finite SWCNs, the decrease of
Eg first emerges from φ = 0.5φ0 (figure 2(a) in [14]). The
difference results from the different periods of the inner and
outer tubes. The energy gap is significantly reduced by the
Zeeman splitting (the heavy solid line). When the magnetic
field gradually deviates from the tube axis, Eg is noticeably
affected by α. At small φ, the energy gap rapidly declines
with the increment of α. Eg would vanish for a sufficiently
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Figure 5. The magnetic-flux-dependent energy gaps at different α for (a) the Nl = 18 C5 system, (b) the Nl = 18 D5h system, (c) the
Nl = 19 C5 system, and (d) the Nl = 20 C5 system. Those without the spin-B interaction at α = 0◦ are also shown for comparison.

large α (α � 45◦). The φ-dependent Eg, which changes from
a finite value to zero at a certain magnetic flux (φc), exhibits
a complete energy-gap modulation (CEGM). CEGMs happen
more frequently at large α, e.g. two occurrences at α = 90◦
for φ � φ0 (the light dashed line). They are also related to
the boundary structure and the length. The first CEGM in the
Nl = 18 D5h system occurs at a lower φc compared with that in
the Nl = 18 C5 system (figures 5(b) and (a)). That its energy
gap in the absence of B is very small could account for this
result. The main features of the CEGMs are different for the
three types of DWCN, as shown in figures 5(a), (c) and (d)
for the C5 systems of Nl = 18, 19, and 20, respectively. The
important differences include the values of φc, the occurrence
of CEGM, and dependence on the field direction. It is noticed
that the Nl = 20 C5 system exhibits CEGM even in the parallel
magnetic field (the heavy solid line in figure 5(d)), and φc at
α = 0◦ is smaller than that at α = 30◦. In short, the energy gap
could be effectively modulated by the strength and direction
of the magnetic field, the Zeeman splitting, and the geometric
structures.

4. Conclusions

In conclusion, for finite double-walled armchair CNs we have
calculated electronic properties in a magnetic field by using the
Peierls tight-binding model. The state energy, wavefunction,
energy gap, and density of states are dominated by the intertube
atomic interactions, magnitude and direction of the magnetic
field, boundary structure, length, and Zeeman splitting. The
intertube atomic interactions destroy the symmetric energy
spectrum about the Fermi level, alter the energy gap, and cause
visible energy shifts. The magnetic field could induce state
crossing, drastic changes in the hybridization of the inner and
outer tight-binding functions, destruction of state degeneracy,
more low-energy states, and CEGMs. CEGMs happen more
frequently at large α or Nl . The dissimilar boundary structures
make the C5 system sharply contrast with the D5h or S5 system
in the strength of the intertube atomic hoppings, distribution of
the tight-binding functions, and dependence on the magnetic
field. According to the lengths Nl = 3i , 3i + 1, and
3i + 2, state energies exhibit three types of magnetic flux
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dependence. Two kinds of boundary structure and three types
of length considered in this work are sufficient to illustrate
the essential electronic properties of finite DWCNs. The
energy gap is significantly reduced by the Zeeman splitting;
therefore, CEGMs occur at smaller magnetic fields. The
main features of discrete states are directly reflected in the
DOS, e.g. the number, frequency, and height of pronounced
symmetric peaks. The experimental measurements of electrical
conductance [26–28] and the absorption spectrum [29, 30]
could be utilized to examine predicted magneto-electronic
properties.
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